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Q\ , We construct a realization of the Yangian double DY^(qIn) and DY^(sIn) of 

an arbitrary level k in terms of free boson fields with a continuous parameter. In 
the h^0 limit this realization becomes the Wakimoto realization of gljy and sIn, 
respectively. The vertex operators and the screening currents are also constructed 
(— i \ with the same spirits; the screening currents commute with DY^sljy) modulo total 

difference. 

x. 

o3 1 Introduction 

Quantum affine algebras and Yangian were proposed by Drinfeld as generalizations of 
classical universal Lie algebras and loop algebra with nontrivial Hopf algebra structures 
H |9], inj. They play crucial role, which is similar the role of the Virasoro algebras and 
Kac-Moody algebras in the conformal field theories, in the perturbative integrable massive 
quantum field theories. Following the Faddeev-Reshetikhin-Takhtajan (FRT) formalism 
TTf, both kinds of algebras can be considered as associative algebras defined through 



the Yang-Baxter relation (i.e. i?LL-relations) with the structure constants determined by 
the solutions of the quantum Yang-Baxter equation (QYBE). Quantum affine algebra |l(| 
and Yangian double with center (the central extension of the quantum double of Yangian) 



21] , [22| , [23j are respectively affine extensions of classical universal Lie algebra and Yangian. 
From the RLL viewpoint, which corresponds to the trigonometric solution of QYBE and 
rational one, respectively. If one regards the Reshetikhin-Semenov-Tian-Shansky realiza- 
tion (RS) |32| as the affine analog of Faddeev-Reshetikhin-Takhtajan formalism. They 
both were proved to have important applications in certain physical problems, especially in 
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describing the dynamical symmetries of the perturbative integrable massive quantum field 
theories, calculating the correlation functions and form factors of some two-dimensional 
exactly solvable lattice statistical model and (l + l)-dimensional completely integrable 



quantum field theories ||, |29], |34|. In such physical applications, the infinite-dimensional 
representations of quantum affine algebra and Yangian double are required. Rephrasing 
in another words, doubled Yangian with central is needed, especially the representations 
with higher (k > 1) level. 

In practice, free field realization is proved to be quite effective and useful approach 
to study complicated algebras structure. In this aspect, the Heisenberg algebra (or free 
boson) representation has become a common method for obtaining representations of 
quantum affine algebras. For examples, the free boson representations of U q (sl2) with an 



arbitrary level have been obtained in Refs. |33], [!(], 31, |25|, |T] . Free boson representation 



of U q (slN) with level 1 was constructed in jnj. Free boson representations of U q (sl 3 j 



and U q (slN) with arbitrary level were constructed in and [||] respectively. For the 
Yangian doubles, the free field representation of DY^s^) with level k was constructed 
The level 1 free boson representation of DY^sl^) was given in flTBf . In Ref.|TT)| 



in 



the free field representation of the Yangian double DY^sl^) with arbitrary level k are 
obtained by a simple correspondence between the quantum affine algebra U q {slisi) and 
the Yangian double DY^sIn) ||16|| . This correspondence makes our derivation of free field 
representation for DY^sl^) greatly simplified. However, we have been unable to obtain 
screening currents for DY^sIn) following the same spirit, so the relations of quantum 
affine algebras and the Yangian double with center is nontrivial. So to construct a free 
fields realization of the screening current operator is the one of the motivations of this 
paper. 

Another motivation is that, in the Ref. |13| Frenkel and Reshetikhin use the free 
field realization of the quantum affine algebra U q (gl2)k at critical level k = —2, they 
investigate the structure of its infinite dimensional center of the quantum affine algebra 
U q {gl2)k- Using the Wakimoto realization of the quantum affine algebra they define a new 
Poisson bracket algebra, which is nothing but the g-deformation of the classical Virasoro 
algebra ( in the general case are the q- deformations of the classical VV^s/at) algebras ). 
Similarly as the quantum affine cases, infinite dimensional centers exist for the Yangian 
double with center at critical level, which are just the classical h — W algebras [17]. In 
the simplest case, h- Virasoro is considered in Ref. |7J by using the free fields realization 
of the Yangian double with center DYn(gl2)k at level k = —2. Similarly, one way to study 
the structure of the h — W algebras is through the free field realization of the Yangian 
double with center DYr t (g)k at critical level, where the Lie algebra g has a higher rank. 
However, it is difficult to obtain the free fields realization of the currents for Yangian 
double DYh(glN) in the higher rank cases (rank greater than one) with the boson fields 
using in[|l6|], either no consistent realization of quantum determinant, which decomposes 
the DYn(glN)c to its subalgebra DYn^gl^c could be given. 

In this paper, we introduce free fields involved with a continuous parameter, we obtain 
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the DYn(glN) and DY%(sIn) currents, and the screening currents and vertex operators. 

The manuscript is arranged as follows. Section 2, at first, we briefly review the Drin- 
feld new realization of the Yangian Y(g), then we give the defining relations of Drinfeld 
generators of the Yangian double with center DY%{gl^); and the RS realization is also 
given, the isomorphism between these two realization can be established through Ding- 
Frenkel correspondence. In section 3, the three set of free boson fields with a continuous 
parameter are introduced; some relations, which will be used in the following sections are 
listed. With the help of the results obtained in the section 3, we give a free fields realiza- 
tion of DY%(gl^) and DY%(sl^) in the section 4. In section 5 is the free fields realization 
of the screening currents and the vertex operators, and brief discussions are given at the 
final section of the paper. 



2 Drinfeld generators of Yangian double DY%(gl 



N) 

At first, we introduce some notations, which will be used in the sequel. Let e M (1 < fi < N) 
be the orthonormal basis in R N . We have the inner product < e„, e u >= 5n U . Define 



1 N 

e M = e M -e, e = — ]T e M . (2.1] 



Obviously, X^ =1 = 0. The simple roots, fundamental weights are, 



a 



u=l 



A M = £e„ , (2.2) 



respectively. For simple, denote half of the Cartan matrix a^ v as B^ u . 

There are three realizations of Yangian Y(g): Drinfeld realization || [|, Drinfeld new 



realization []T0| , and R- matrix realization or FRT realization |26| [TT[. The isomorphism 
between the Drinfeld new realization and the i?-matrix (or FRT) realization can be estab- 
lished by using the Ding and Frenkel correspondence ||. Here, we only give the definition 
of the Drinfeld new realization of Yangian, for the Yangian double is defined in terms of 
quantum double of the Drinfeld new realization, while the Yangian double with center is 
the central extension of the Yangian double. There is the following theorem: 

Theorem 1 jT^/ The Yangian Y(g) is isomorphic to the associative algebra with gener- 
ators, x^ r , h^ r , fi = 1, . . . , rank g, r£ Z> , and the following defining relations. 



\fili,ri fai>,s\ 0) 

„± 1 . 



;T1 ^jy^ + lj 



' fi,vhjj,,r+s i 
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[ X H,r+l 1 X u,s\ [ X n,ri X u,s+l\ ~ =t^rf/i-B/x,i/ ( X n,r X u,s + X v,s X ^,r) ) 

X^M.Ml) ' [ X M,^(2) ' • • • ' [ X M,^(m) ' • • •]] = 0' 

7T 

/or a// sequences of non-negative integers ri, . . . , r u , where m = 1 — 2B^ U , 2d^B^ u is the 
symmetric Cartan matrix. And the sum is over all permutations n of 1, ... ,m. 

As an associative algebra, the Yangian double with central DY h (gl N ) c is generated by 
the Drinfeld generators {k+ r , k~ s x+ m , x'Jp = 1, 2, ...,N;u=l, 2, ...,/V-l; re 
Z>o, s G Z<o, 777. G Z}, derivation operator d and the center c. 

The generating function of the Drinfeld generators of Yangian double with center 
DY h (gl N ) c are fcj(it) and X±{u), 

r>0 s<0 

and they satisfy the following commutation relations: 



p(u-v- ch)k+{u)k~{v) = k-(v)k+(u)p{u - u), 

p(u-v- ch) — — V ° h k+(u)k-(v) = k~(v)k+(u) 

u — v + n — ch p u — v + n 

, u - v - h - ch , , u-v-h 

p{u-v- ch)— — -^k^(u)k v (v) = k v (v)kj(u) — — — p[u -v), p> v, 



u — V 



-p(u — v), p < V, 



ki{u)x;{v)k±{ u )- 1 



u — v — ch 

u — V 



u — V 



u — v + h 



u — V 

u — v — h 



k-(u)x;{v)k-{u)-* = u v + h x;(v), 

Ub U 



u — V 



K(u)x-(v) k ;(ur = u u v _ + v h _ ch ch x >l 

k±{u)X+{v)k±{uy l = X+(v), p - v > 2, or p - v < -1 
k±(u)X-(v)k±(uY l = X~(v), p - v > 2, or p - v < -1, 
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{u-v^K)X±{u)X i 
(u-v + h)X+{u)X i 



) = {u-v±h)X±{v)X; W 

(u - v)X-(u)X- +1 (v) = (u-v + h)X- +1 (v)X-(u), 
X±( Ul )X±(u 2 )X±(v) - 2X±( Ul )X±(v)X±(u 2 ) 
+ X±(v)X±( Ul )X±(u 2 ) 
+ {ui <-> u 2 } = \fi — u\ = l, 

) = Xt{v)X±{u) |/i-H>2, 
«)] = <W ( 6 ( u ~( v + ch))k^ +1 (u)k^(u) 



Xt{u)Xt{v 
[Xi(u),X-{ 



5(u-v)k fl+1 (v)k tl (v) 1 



In which the scalar factor 



p+(u) 



Nh 



>r(i-£- 



(2.3) 



re *Mrd — — i 

1 l ATI/ 1 I 1 A^S / 

while <5(w — v) — J2m+n=-i u m v n . These relations are understood as relations between 
formal series. The above relations can be derived through the RS realization, in the 
following we will turn to the RS realization. 



The RS realization |32j originated from the quantum inverse scattering method. The 
one of the advantages of the RS realization is that, the central elements can be written 
explicit by the quantum trace [32]. For this purpose, in the following we will drop the 
d operator in the Yangian double with center, and denote as DY^(gl N ). Introduce the 
following operators: 



L± (u) = {l%{u))l<w<N\ 



(2.4) 



where the generating function, 



i+ (u) = 8,, v + h £ Z+, 



m\u 



-m— 1. 



m=0 



m\u 



-m— 1 . 



(2.5) 



and the R- matrix R ± (u), 



m=—l 



R±(u) = p ± {u)R{u), 



(2.6) 



p 0) 



're— + — )rd - - + — ^ 



rc— 

1 \Nh 



ir(i + A%) 



P +(- M ) 



(2.7) 



ul+hP 



and -R(w) 

(g) t> = 

unitarity condition and crossing symmetry [IB]]. But here we adopt another approach but 
the crossing symmetry condition, which will be explained in the latter part of the paper. 



, , is the Yang's solution of QYBE. The P is the flip operator of u ® v, 
v ® u, and the choice of the scalar function p ± (u) can be determined by the 
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From the universal R-matrix for the central extended Yangian double obtained in 
, |22], ^3f, L ± (m) have the following unique decompositions: 



L+(u) 



/ 1 



yhf^Au-ch) ... hfuM-iiu-ch) 1 7 



(k+iu) 



V o 



(I hef 2 (u) 



Vo 



/ i 







i 7 

o \ /ferH o 



\ h fN,l( u ) ■■■ h fN,N-l( u ) 1 / V 

/l fte^ 2 (u) ... he7 N (u) \ 



Vo 



^iv-i.v(w) 

1 



the defining relations in DY^(gl^) are given as follows: 



R ± (u-v)Lf(u)Lf(v) 
R + (u-v - ch)L+(u)Lo(v) 



-.L 2 {v)L+{u)R + {u-v), 



and the notation 



L x {u) = L(«) ® 1, L 2 (u) = 1 ® L(«) 
is used. From the above expression, if we set 



\ 



•• k+(u)J 



\ 



k N {u)J 



(2- 



which define an isomorphism between the Drinfeld realization and the RS realization. 
The statement can be proved following the Ding-Frenkel equivalence 0. 

Similar as DY h (gl N )' c , an associative algebra, the Yangian double with central DYh(sIn)' c 
is a subalgebra of DY h (gl N )' c , which is obtained with decomposing the DY h (gl N )' c by the 
quantum determinant. If we define the following currents: 
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flf(«) = *Jn(ti+|ft)*J(«+^R)- 1 

N 



At=l 
1 



ft 11 



and their modes expansion are, 



(2.9) 



„^r m -\ H-{u) 



m>0 



meZ 



-m—1 



y ] ffj,,n> 
m£Z 

fu 



1 - h ^ h^mU 
m<0 
m—1 



-m—1 



U 



u,mj ^v,mi J v,mi 



The Drinfeld generators of DY£(sIn) c are {h um , e 
Z}- 

Now we can write the generating relations for DY^(sIn) as follows |18| 



c\v = 1, 2, N-l: m G 



[H±{u), H±{v)\ = 0, [c, everything] = 



(u — v + B^Jh =F ch) (u — v — 
= (u-v - B^ u h =f ch)(u 



B^h)Ht(u)H?(v) 



B„ v h)H*(v)H±(u) 



{u-v- B^ v h)H±(u)E v (v) = (u-v + B^h)E u (v)H±(u), 
(u-v + B^h - ch)H+(u)F v (v) = {u-v- B^H - ch)F u (v)H+(u) 
(u-v + B^%)H-{u)F v {v) = {u-v- B^h)F„(v)H-(u), 
(u-v - B^ v ?i)E^{u)E y {v) = (u-v + B^T^E^vjE^u), 
(u-v + B^h)F^(u)F u (v) = (u-v- B^ v h)F v (v)F^(u), 



[EM, F v (v)\ 



8(u 



ch))H+(u)-5(u-v)H-(v 



E^( Ul )E^u 2 )E u (v) - 2E^(u l )E u (v)E^(u 2 ) 

+ E v (v)E^(ui)E^(u2) + (replacement: U\ <-> u 2 ) = for \\i — v\ 
F^ Ul )F^u 2 )F v {v) - 2F li (u 1 )F v (v)F lx (u 2 ) 

+ F u (v)F ll (ui)F fl (u 2 ) + (replacement: U\ <-> w 2 ) = for |/i — i/| 
E„(u)E v (v) = E v {v)E^{v) for |/x - v\ > 1, 
Fn(u)F u (v) = F v (v)F^(u) for |/i - v\ > 1, 
[ir ± ( M ),K ± (^)] = 0, 

(v) = R-(v)K + (u), 
[K*(u),H±(v)] = [K*(u),E»(v)] 
= [# e (u),F»] = 0, Ve = ±,Vl<^<iV. 



(2.10) 

(2.11) 
(2.12) 
(2.13) 
(2.14) 
(2.15) 
(2.16) 

(2.17) 

= 1, (2.18) 

1, (2.19) 
(2.20) 
(2.21) 
(2.22) 
(2.23) 

(2.24) 
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Which are obtained by direct calculation. From the above commuting relations, K (u) 
commute with all of the elements of DY^(gl^)' c , so the Fourier coefficients of the power 
series K(u) — 1 are the central elements of the DYji(glN)' c - It is obvious that the Heisenberg 
subalgebra of DYn(glN) f c is generated by the quotient of DYn(glN)' c by the ideal generated 
by this central elements. In fact we see that the formula K (u) — q — det.L^iu), and the 
scalar function is chosen so that the quantum determinant commuting with the all of the 
currents and with itself. 



3 Free boson with continuous parameter 

In this section we shall construct a free boson representation of DY^sl^k with arbitrary 
level k (c = k henceforth). For N = 2 this problem has already been solved in Ref. |28| . 
For generic N, the Yangian double currents are obtained using the quantum- Yangian 



double correspondence [TIJ, but however, screening currents and vertex operators can 
not be get in the same way, at least, they can not be expressed as a nice form. So the 
correspondence between them are somewhat nontrivial. In the next section, we introduce 
another kinds Heisenberg algebras to overcome these problems. 

iV 2 — 1 free boson fields are needed to construct the DY^sIn) generators with arbitrary 
level. So we introduce three set boson fields A M (1 < // < N), b^ v and c^ u (1 < fi < v < 
N), and while b^ u = c^ v = 0, for fi > v. The quantum Heisenberg algebra An^sl^) 
generated by A M (t), b^ v {t), c^ u {t) is involved with continuous parameters t (t £ R— 0), 
which enjoy the the following commutation relations 

r c . , c- / /m sinh^-htsinh ^ N Z^ htsinh^t „ , .. 

A M (t), A M (0 = 2 ra ■ 7 N \ + M i + t'), (3.25) 



-nnh^-htsinh 2 ^ \ , 

W 

2 



[A M (t), K(t')} = 2 e si 9 n(^Ht 5 (t + t>), (3.26) 

n stnh^rM 



£ e^^t) = 0; (3.27) 
fj,=i 

X fit 

KA^X'yit')] = -tf- t s™h 2 -5^5 u y5(t + t'), (3.28) 

l ht 

[^(t), Cft'ytf)] = -^sinh 2 —5^5 u y5(t + t'), (3.29) 

and the other commutators vanish identical, where g = N is the dual Coxeter number for 
the sIn algebra. Here A M (t) are the "fundamental weight type" fields, while b^ u (t), c^ u (t) 
are "ghost type" fields in conformal field theory alike. In fact, the free boson fields defined 
above can be viewed as the Yangian limit of the elliptic algebra An^^sl^), with r\ — ► 



24]. 



The Fock space corresponding to the above Heisenberg algebras can be specified as 
follows. Let |0 > be the vacuum state defined by 
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X li {t)\0>=b lhV {t)\Q>=c l ^{t)\0>=0 , (t>0), (3.30) 

The Fock space h, l c ) is then generated by the actions of the negative modes of 

-V, b^ u , c^ v . We shall see later that this Fock space actually forms a (Wakimoto-like 
PB| , |T2"1 ) module for the Yangian double DY^sIn) with level k. 
We define the free boson fields Xn,v{P\ u \ a) and Xhn( u ) through 



r° dt 1 

J-oo 2m sinn^nt 
dt 



exp{-h / —^Z Qe-Me**}, (3.31) 
Jo 2m sinh^M 

/■+00 fjf 

x+» = ™v&h j o ^-x»Aty~ tut } (3-32) 



exp{-2ft / _^ (t) e -*« *}, (3.33) 

J-oo Z7T2 



where X/^C") ( stands for X u (u), b^ v {u) or c^(w) ( Xt(u), b± v {u) or c^(m)). 

Then following the standard procedure we have 1 



exp < —2 



dt\n(-t) sinh\t 



2m 



S^S uy e- 1 ^ 1 \:b^{u)b-, v ,{v) 



p2| »("-«) _|_ 1 N 



Y/ i(u-v) _ _|_ 3 X 



It — V -\- 

u — v-i^ 



(3.34) 



where the c indicate the circle from +oo to in the upper half plain and to oo in the 
lower half plain [20, 24|. To derive the eq. (|3.34|) , the identity 



dt\n(— t) e 



ut 



In T(i]u) + (rju — 1/2) (7 — In 77) — - In 2m 



(3.35) 



2mt 1 - er*fo 

is used, in which the 7 is the Euler number. In the same way, we can get the following 
identities. 



&J>)V,>) = (3-36) 



M — f — 



1 Here and below, all OPE relations should be understood to hold in the analytic continuation sense. 
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(u-vf \<W<W 



(u — v — ih){u — v + ih) 



b^y(v)b+ u (u), (3-44) 



p3 ^(tt-u) _j_ -Q -p^ — 1)^ 5 ^ L ' 5v ' v ' 



4u(u)Cu>Av) = \^Ar< — s ■( 3 

V F ( tA) V (tA + 2 ) 



' (u - v - ih) (u - v + ih) \ s ^' 5 ^' 
(u - v) 2 ) 



c-Uv)cUu). (3.45) 



In the process of constructing the boson realization of DY^sl^k, the following four 
identities are useful. In fact, the relations of the arguments in different terms are decided 
by these identities. There are 



b^M ■ b~,y{v)b^ y {v-if) : = 

btA u ) h ^y{v + i\) 

b%M '■ b ?A v + ffiWfo + ih Y l ■ 
b^A^b^'y^y 1 

■ b+, v { u + ^KA u )~ l ■ b~>,Av) = 1 

b^A u + ih A%y^ 

■ b+ u {u)b~A u + ij) '■ K',Av) = 1 

btAu-i r j)b-, y (v) 



(3.46) 
(3.47) 
(3.48) 
(3.49) 



4 Free boson representation of DY%{gl^)k and DY^sl 



N k 



In this section, by using the results obtained in the above sections, we can define a 
DYn(slN)k module on the T\ b, c- Then with the help of Eq. (^9|) , we get a module of 
DYn(slN)k on the J 7 \ ) bj c . The results can be expressed in terms as: 

Proposition 1 There is a homomorphism ip^j. from DYn(sljs[)k to An,k{slN), which is 
defined on the generators as follows: 

jfc+( tt ) _> : X +(u + ^A^th)- 1 T\ TT A \ , (4-50) 



k - N /i— 1 n N N u- I , B±l^\ 



1 < /x < N; (4.51) 



m=l 



(c + feW+ifa-^ift) 
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X-{u) 



m—u—1 



ih) 



m—l /,+ 



(c + b) miU+1 (u 



m—u—2 



n 



U 



n—v—1 



ih) 



2^( b + c) m ,u+iiu + -^—ih)\ v (U — ih)\ v+l 



k-N 



u 



(4.52) 

ih)' 1 



X 



(1 + fl m ,i/)0m,„(u + 7T~ lh ) ( & + C )rnA U + 7y ™) 



N 



m=i/+l 



2/c + m — v — 1 



u 



ih) 



x 



3k + g . 



ih)x 



3k + g. 



x 



(1 + S mjV+1 
b 



,, + J.v 4 

2fc+m— i/— 1 



ih)- 1 

ih) 



(p + c) v+ltTn (u- 

u - 2K+m r v - l ih) 



2k+m—v 



ih) 



(b + c] 



N 

x n 



btJu 



u 



2k+m-u-2 



ih) 



2k+n-v 



ih) 



n=m ^i/+l,n{ U 



2fc+n-iy-l 



ih) 



1 < v < N - 1; 



(4.53) 



we// defined b, c, and satisfies the commutation relations: 



kt(u)k±(v) = k±(v)k±(u), 

p(u-v + ikh)k+{u)k-{y) = k~{v)k+{u)p{u - v), 

p(u-v + ^ u ^lthTzkh k > )K{v) = K{v)k > ) u-v- i h p{u ~ V) ' p< 

, ....u-v + ih + ikh ... ... . ,_, ., , . ,u-v + ih 

p(u-v + ikh) — — — k^(u)k v (v) = k v (v)k^{u) p(u -v), p> u, 

u — v + %kh p p u — v 

kU^wu-r 1 = ^vhh x ^ v ^ 

WWW" 1 = 



12 



K+iHx^ (v)k+ +1 ( u ) = u _ v + ikh ^ 

fcJ( M )X>)£;jH- 1 = X>), /x - v > 2, or ^-i/<-1 
k±{u)X;{v)k±{u)- l = X;{v), //-!/> 2, or//-i/<-l, 
(« - v ± zft)X±(u)X» ~ (« - „ T ih)X£{v)Xf{ U ) ~ re ., 
(„ _ „ _ ^)X M »X M + +1 (*;) ~ (« - *;)X M + +1 (t;)X» ~ re*., 
(« - ^(u-v- ih)X- +1 (v)X~(u) ~ reo., 

X^X+MX^) - ( Ul )X±( V )X±(u 2 ) 
+ X»X±(u 1 )*> 2 ) 

+ {Mi <-> W 2 } ~ |/i — u\ = 1, 

X±(u)X±(v) * X±(v)X±(u) ~ re^. | M - i/| > 2, 
[X+(«),X-(t;)] ~ re^. + ^ (*(« - („ - iM))*^)*^*)- 1 

where reg. means some regular terms and ~ and ~ imply "equals up to 7 with difference 
of such terms. 

Proof. A somewhat long but straightforward calculation verifies this proposition. Using 
the Eq. ([2.9|) and Eq.( [4.50|) to Eq. (|4.53| ), we have the following expressions: 



.., , N , k — N ., . h s ., , k — N . ft. i 

Hj{u) i-> :A+(m+ - ih - i^-)\l +1 [u + - ih-ifi-) 

H~{u) i-> : A^(u-^-^^-i//|)A- +1 (u-^-^^-i//|)- 1 
^ 2 I (c + & W+i ( M - T* ft ) 



(c + 6) m ,, +1 (n - ^zft) J t 1 ! 6£> - ¥ h ) 
F^u) i ^ - : |^(6 + c) m>M+ i(M + — in) 



II t , »L ' (4-56) 



- X . ft. . . fc - JV . ft, 

4 ^ - v^Vii" — 4—^ - 



x 



rn nrn — 1 

(1 + 5m,v)b m ^u + —ih)- 1 ^ + c) m , M (u + — ift) -1 
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(» + c) m , M (w + 1^) 



TV 



x n n +1 s= n i &«,> + 1 ^) &m+i iS (« + 

- ( & + c WU u g ^ 

m=/i+l — 

3/c + iV . ft 

x ^ — - ^M/T+il" 



3fc + iV ft,. 

in — ill—) 

4 P 2 ; 



x 



(1 + 5 m , M +i) 



2fc+m-l 



U — 



(b + c^+i^O 



2k+m 



ih) 



(b + c) M+ i )m (u - 



2fc+m-2 



in) 



x n 



2fc+n 



in) 



n=m ^/i+l,n(^ 



2fc+n-l, 



■■> -in) J 

(1 < < A^" — 1) without confusion. The following corollary are the direct result of the 
proposition 1. . 

Corollary 1 The fields H^{u), E^{u) defined in equations Eg. H4-54) , Eq. ^SOj) and 
Eq.( \(.57[) are well-defined on the Fock space .F(A, If,, l c ) and satisfy 



[Hf(u), H±{v)\ = 0, (4.58) 

, . , _. . u — v ± ikh + iB uu h u — v — iB„ „ft 

H±(u)HT(v) = — - -^H?(v)H±(u), 4.59 

(u-v + iB^ u h)H±{u)E v {v) = {u v iB^ v h)E v {v)H±{u), (4.60) 

(u-v- iB^h)H^{u)F u {v) = (u-v + iB^h) F v (v)H~ (u) , (4.61) 
(u-v- iB^h + ikh)H+(u)F u (v) = (u-v + iB^h + ikh)F u (v)H+(u), (4.62) 

E„(u)E v (v) ~ E v (v)E„(u) ~ reg. for B^ = 0, (4.63) 

F^u)F u {v) ~ F v {v)F^{u) ~ re<?. /or = 0, (4.64) 
(w - u + iB^ v %)E,j,(u)E v (v) 

-(u-v-iB^E^E^uj-reg. forB^^O, (4.65) 
(tt - v - iB^KjF^ujF^v) 

~{u-v + iBwh)F v {v)Fp{u)~Teg. for B^ + 0, (4.66) 
^(tOi^O) ~ F w («)^(ii) 

~ % ( ^nr#« («) " -^—H7(vj) , (4.67) 

ih \u-v + ikh ^ u-v ^ w / ' v 7 

^(ui)^^)^^) - 2^(ui)S 1 ,(i;)^(u 2 ) 

+ E u {v)E^{ui)E^{u2) + {replacement: U\ «-> w 2 ) = /or |i/ — //| = 1, (4.68) 
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F^u^F^F^v) - 2F^u 1 )F u (v)F fl (u 2 ) 

+ F l/ (v)F fl (ui)F fl (u2) + (replacement: u\ <->• u 2 ) = for \v — \i\ = 1, (4.69) 

The corollary also followed by a straightforward calculation. For the sake of illustration, 
here we give only an example only. First, considering the case 



u — v + ikh + ihu — v — iNh — ih 

u — v + ikh — ihu — v — iNh + ih 

TT TT (u — v — i(n — l)h u — v — inh \ 

iJi m i; +1 \u-v- i(n - 2)h u - v - i(n + l)h) 

( u — v — i(m — l)h u — v — imh \ TT _. > „ , , N 

7 ■( ZT^ a* M^ W 

\u — v — i(m — 2)h u — v — i(m + l)h J p p 

u — v + i/c/i + ihu — v — iNh — ih 

u — v + ikh — ihu — v — iNh + ih 

ft ( M " u -f-^ ""V"* ! H-(v)Ht{u) 



n=l 



u 



v — i(n — 2)hu — v — i(n + 1)^, 



and 



u - v + ikh + ihu - v - ih TT _. . TT+ , , ,. 

„-. + iia-a M -„ + a ^ Wi/ »< (470) 



u — d + i&ft — i| w — f — iiVTi + z| 



it — v + + «2 M ~ 17 ~ iNh — i\ 



» ( (u-v-i(n- 3/2)h)(u -y-i(n + l/2)h) \ 
11 1 77. — " — 777 TTTTiTTi ) VM^ W 



n=l 



(« - u - i(n - l/2)/Y) 2 / 



u - v + ikh - i% u - v + i% TT . , . , 

- tt—tI rf^iO> #J"(« , (4-71) 

u — f + z/cn + i%u — u — 



E+(u)E-(v) = H-(v)H+(u), for|//-i/| > 2. (4.72) 
The above three equation can express as the form Eq.(|4.59D. In the above calculation the 



identities in the above sections are used without mention. The remaining calculation are 
the similar. 



Remark 1 Obviously, if we replace the h by —ih, the Eq. ( \j.58 ) to Eq. ( U-6Sj ) are the same 



as that of the Yangian double DY^sIn) Eg. (\2. 1 Q) to Eq. (\2.2(\ ). But, the realization of the 
Eq. 54 ), Eg. ft4~5h} ),Eq.( \4-5 r /\ ) should not be considered to be isomorphic with the Yangian 
double DYn(sl]sr), because the free fields realization carries a continuous parameter, while 
the Yangian double DY%(sIn) has discrete mode. For g = sl 2 , see j£^/ for more information 
on this point. 
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So, we give the following proposition: 



Proposition 2 Under a homomorphic map, the free fields realization Eq. ( \4-5Q) , Eq. ( \j.51\ ), 



Eq. dj.53j ), Eq.( \£.59( ) and Eq.( [£.54 ), Eq.( \4-56] ), Eq.( \4.51\ ) give a representation of the Yan 



gian double DY h (gl N ) and DY^sl^)- 

5 Screening currents 

In |[T6j the author give a boson field realization for the currents DY^sl^) by the so called 
g-affine-Yangian double correspondence. There we use ordinary oscillators with discrete 
mode, and the screening currents and the vertex operators are difficult to obtain by such 
boson fields. Because of the importance of the vertex operators and screening currents 
in the field theories, so construction of screening currents in terms of free fields are one 
of the main objects in the theories. Especially if we know these quantities we could have 
been able to calculate the cohomology of the action of our bosonization formulas on the 
Fock spaces ^(A, lb, l c )- This problem can be overcome by using the boson fields defined 
in the Eq . (gj|) ,Eq . (ET28D , Eq . (fT2g) . And the screening currents S l (u), I = 1, ...N - 1 
can be expressed as the below nice form (under the homomorphism of course), 

S» ^: A M+1 (A; + N\u; (k + N)/A)\(k + N\u; (k + N)/A)-%(u) : (5.73) 

where, 

1 N N — m 
S^{u) -- 53 ( & + cV+i, m (w 7) — ity 



N — m..._ i, , N — m + 1 -, 

b^m{U g 1% > (° + & W'( M o l% ) 



,i , N — m. , TV — m — 1 
~K,m( u 2 — ' ^ + >^ u 2 ' 

n K T { r^!^ ^ 

n=m+l ^{U - Z^lh) 

Then by a direct calculation, one can prove that, the currents have the following 
properties. 



H±(u)S„(v) ^ S v {v)Ht{u) ~ reg., 
E^S^v) ~ S^E^u) ~ reg., 

(u-v - iB^S^ujS^v) ~{u — v- iB^ v )S u (v)S^(u) ~ reg. (5.75) 
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~ S v (v)F(u) 

~ reg. + 



<W f 1 1 



ifr \w-ti+ m — v — ikh — ^ifi / 

A M+1 (A: + iV|u; -(fc + iV)/4)A M (A: + iV|u; —(A; + AO/4)- 1 

9, W fc + JV|«; —{k + iV)/4) 

xA /t (A: + Ar|u;-(A: + iV)/4)- 1 ) , (5.76) 



where 



k+ a d u f(u) = -jr ^/(« - zct|) - /(it + ifcTi + «a|)J , (5.77) 

For the purpose to define the vertexes, one first introduce the state, \p\, 0, >. It can be 
easy to show that this state is just the highest weight state with weight A = / 1 A 1 + ... + 
I n ~ x An-i = (I 1 , • Z^ 1 ). If the vertex operators with weight is given as 



^ r f° dt sinh^ht ~ N *. , . ,, 

and the highest weight state of DF^(s/at), can be obtained from the vacuum |0 > state 
by this operators, so the vertex operator is similar as the primary fields in the conformal 
field theory. The vertex related to the intertwining operators of type one and type two 
will be discussed elsewhere. 



6 Discussions 

In this paper we establish the free boson representation of the Yangian double DY%(sIn) 
with arbitrary level k. Such representations of the Yangian double DY%(sIn) are ex- 
pected to be useful in calculating the correlation functions of various quantum integrable 
systems in (l+l)-spacetime dimensions, e.g. the spin Calogero-Sutherland model |35 



quantum nonlinear Schrodinger equation |^7| and some field theoretic models such as 
Thirring model, Gross-Neveu model with U(N) gauge symmetries etc. Our representa- 
tion of DY^sIn) may also be used to analyze the behavior of Yangian double at the 
critical level k = —g, a very fascinating area of great interest of study |13|], which is just 
the h — W algebra. For the length of the manuscript, we will discuss this problem in a 
separated paper. 
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